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Abstract 

A refined electrochemical model accounting for intracellular calcium oscillations and their interrelations with oscillations 
of the potential difference across the membrane of the endoplasmic reticulum (ER) or other intracellular calciium stores is 
established. The ATP dependent uptake of Cazf from the cytosol into the ER. the Ca” release from the ER through 
channels following a calcium-induced calcium release mechanism, and a potential-dependent Ca’+ leak flux out of the ER 
are included in the model and described by plausible rate laws. The binding of calcium to specific proteins such as 
calmodulin is taken into account. The quasi-electroneutrality condition allows us to express the transmembrane potential in 
terms of the concentrations of cytosolic calcium and free binding sites on proteins, which are the two independent variables 
of the model. We include monovalent ions in the model, because they make up a considerable portion in the balance of 
electroneutrality. As the permeability of the endoplasmic membrane for these ions is much higher than that for calcium ions, 
we assume the former to be in Nemst equilibrium. A stability analysis of the steady-state solutions (which are unique or 
multiple depending on parameter values) is carried out and the Hopf bifurcation leading from stable steady states to 
self-sustained oscillations is analysed with the help of appropriate mathematical techniques. The oscillations obtained by 
numerical integration exhibit the typical spike-like shape found in experiments and reasonable values of frequency and 
amplitude. The model describes the process of switching between stationary and pulsatile regimes as well as changes in 
oscillation frequency upon parameter changes. It turns out that calcium oscillations can arise without a permanent influx of 
calcium into the cell, when a calcium-buffering system such as calmodulin is included. 0 1997 Elsevier Science B.V. 
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encoding: Hopf bifurcation 

1. Introduction 

Oscillations of the cytosolic calcium concentration have attracted an ever increasing attention from 
experimentalists [l-6] and theoreticians [7-151. Calcium oscillations in the form of repetitive spikes may be 
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stimulated by hormones or neurotransmitters in hepatocytes, oocytes, cardiomyocytes, fibroblasts and many 
other cells, with the oscillation period ranging from seconds to minutes. It is now widely accepted that in a 
variety of cells, the oscillatory mechanism is closely related to the autocatalytic mobilization of calcium from 
the endoplasmic or sarcoplasmic reticulum [3,7,9,15]. This mechanism is called calcium-induced calcium release 
(CICR). It has been detected to occur in mitochondria also [6]. Often, further secondary messengers such as 
inositol 1,4,5-trisphosphate (IP,) are involved. 

The physiological significance of calcium oscillations includes the regulation of cell excretion, muscle 
contraction, activation of mammalian oocytes, cell signalling and other cellular activities [4,5,7]. In some 
instances, the function is still unknown. A number of putative biological advantages of oscillatory regimes of 
signalling in comparison to adjustable stationary messenger concentrations have been discussed in the literature. 
Cells usually maintain a low level of calcium. It is likely that larger concentrations of this ion somehow cause 
harm to the cell. This may be related to the fact that calcium is a bivalent ion. The Schulze-Hardy rule says that 
the critical concentrations for mono- and divalent counterions where coagulation of a colloid occurs is in the 
ratio 5O:l (cf., [16]). The problem of overloading the cell with calcium in the process of signalling can be 
overcome by usage of oscillatory mechanisms [3]. Another advantage is that a pulsatile signal can carry two 
types of information: a digital information (oscillation or stationarity) which acts as a switch (e.g., from 
glycogen synthesis to glycogenolysis), and an analogue signal which may determine the rate of some process 
(e.g., glycogenolysis) [5]. Oscillatory regimes are likely to allow rapid spatial propagation of signals [ 151. 
Moreover, protein phosphorylation may be regulated more finely by oscillations since calmodulin and other 
calcium-binding proteins which regulate protein phosphorylation respond non-linearly with respect to free 
calcium [5]. In general, oscillations are believed to be a means to couple processes of different time-scales in the 
cell, for example fast electrophysiological processes to slower biochemical processes. 

In a pioneering model for calcium oscillations proposed by Meyer and Stryer [ 17,181, oscillations result from 
a positive feedback loop between cytosolic calcium and the formation of IP,. The oscillating variables are the 
concentrations of IP, and of cytosolic and stored calcium. DuPont and Goldbeter [ 14,191 developed a 
two-variable model based on the CICR mechanism, where the IP, concentration is considered as a parameter 
(cf. [7,9,151X 

Recently, attention has been drawn to the fact that oscillations of calcium are closely linked to oscillations of 
the electric potential difference across the endoplasmic or sarcoplasmic membrane, so that adequate modelling 
of this phenomenon should include electrochemical aspects [I 1,201. In the cited works, the buffering by 
cytosolic calcium binding proteins is taken into account in extension to earlier models. The cytosolic calcium, 
the free calcium binding sites of proteins, the transmembrane potential of the endoplasmic reticulum (ER) and 
(only in the refined model [l I]) the concentration of positive counterions are the model variables. The calcium 
concentration inside the ER is assumed to be constant. 

In the present paper, we propose a refined electrochemical model for calcium oscillations. An essential new 
element of our model is the inclusion of monovalent anions such as chloride. They make up a considerable 
portion in the balance of electric charges. As the permeability of the endoplasmic membrane for small ions is 
much higher than that for calcium ions [21,22], we assume the monovalent anions as well as the monovalent 
cations such as potassium and sodium to be in Nemst equilibrium. As shown experimentally, potassium ions 
move into the ER upon release of calcium from the ER [23]. Furthermore, we take into account a leak flux of 
calcium out of the ER, in addition to the channel flux. In order to keep the dimension of the differential equation 
system small, we make use of the quasi-electroneutrality approximation. This method has been frequently used 
in the modelling of ion distribution in the presence of electric fields [24-271, but to our knowledge not yet in the 
modelling of calcium oscillations. It is based on the fact that very small net differences between cations and 
anions within the compartments are accompanied by a potential difference across the membrane in the observed 
order of magnitude. Moreover, in our model, we consider the calcium concentration inside the ER to be a 
variable linked with the cytosolic concentration by a conservation relation because the luminal volume of the 
ER is usually smaller than the volume of the cytoplasm. 



M. Murhl et nl. / Binphysical Chemistry 63 (IYY7J 221-235, 23_? 

The rate equations for the ion channels operating according to the calcium-induced calcium release 
mechanism and for the Ca’+-ATPase are similar to those used in earlier models. The model also takes into 
account the binding of calcium to specific proteins such as calmodulin. Our model assumptions are related to 
those of a model describing the pH difference and transmembrane potential across membranes with electrogenic 
proton transport, such as mitochondrial membranes [28]. As regards the ER membrane. the primary electrogenic 
flux is that of calcium instead of protons. Both types of ions bind to proteins. 

In Section 2 of this paper, we describe the basic assumptions and equations of the model. Section 3 is 
devoted to finding the steady states and determining their stability properties. The bifurcation leading from 
stable steady states to oscillations (Hopf bifurcation) is studied. In Section 4, results of numerical integration of 
the differential equations are presented. The effects of changes in the parameter values are discussed. 

2. Basic model assumptions 

The model system consists of a cell with an endoplasmic reticulum functioning as an internal calcium store. 
The model should be applicable to other organelles such as mitochondria after slight modification. We focus on 
the ion exchange between the cytoplasm and the calcium store, and we neglect the ion exchange between the 
cell and the extracellular medium. Because Ca2’ is actively transported by a specific pump, the Ca’+ exchange 
across the membrane is of central importance. Three types of Cal* fluxes are included in the model: (a) the 
ATP dependent uptake of Ca2+ from the cytosol into the ER, (b) the Ca’+ release from the lumen of the ER 
through channels following a CICR mechanism, and cc> a potential-dependent Ca’+ leak flux from the ER into 
the cytosol. Because of a high permeability of the ER membrane for most small ions except Ca’* [21,22], not 
only Ca2+ fluxes are taken into account but also fluxes of monovalent cations and anions present ,in the cell. 
Moreover, the binding of calcium to proteins (Pr) in the cytosol is included. The entire model is schematically 
presented in Fig. 1. 

The equation for the kinetics of calcium binding to proteins in the cytosol is given by: 

d PI- 
- = k_ CuPr - k, Cu,,, Pr 

dt (1) 

where PI- is the concentration of free protein calcium binding sites, Ca,, L is the cytosolic calcium concentration, 
k, and k_ are the on and off rate constants of the binding and dissociation. respectively. Note that 
CuPr = Pr,,,, - Pr, where Prto, is the total amount of protein calcium binding sites in the cell. 

The time dependence of the cytosolic calcium concentration Cucr, is made up by the fluxes across the ER 

membrane and by the Ca’+ binding to proteins. Thus, the following equation can be written: 

dCOcy, 
____ = Jch - Jpump 

dt + Jleak + k- ( Prtot - Pr) - k, Cu,,, Pr 

Note that the fluxes are here taken to express the changes of mol per time and volume (rather than per time and 
surface). 

We define the potential difference, A+, as the electric potential in the cytosol minus that in the ER lumen: 

Owing to the presence of impermeable proteins in the cytosol and the operation of calcium pumps. A$ is 
negative. 

The reversal potential for calcium, E,,, is calculated by using the Nernst equation: 
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Fig. 1. Schematic presentation of the model system 

where R is the gas constant and T is the absolute temperature. E,, is the (hypothetical) potential which would 
arise if the actual calcium concentrations were in equilibrium. 

The flux through the channels, Jch, is given by: 

Jch = Kch( ECa - A cc,) 

The quantity K,,, (with dimension FMV’ s- ‘> can be expressed as 

gca 
K ch 

=- 

2w,t 

where Vcyt denotes the cytosolic compartment volume, g,, is the ER membrane calcium conductance, and F is 
the Faraday constant. Eq. (5) is a minimalist equation describing the dependence of an ion flux on the 
transmembrane potential difference. It is derived from Ohm’s law and has also been used by other authors 
[20,29,30]. More sophisticated equations describing this relationship are the Butler-Volmer equation (cf. [3 11) 
and Goldman’s flux equation [32,33]. 

The two calcium concentrations Cacy, and Cur, are linked by the conservation equation for calcium in the 
cell: 

C&X = CL& + pea,, + ( Pr,,, - Pr) (7) 

where p is the ratio between the ER volume and the cytosolic compartment volume. 
The conductance of the channel is influenced by a cooperative binding of Ca2’ ions to the channel protein, 

as can be described by the Hill equation with a Hill coefficient of 2 [20]: 

Cacy, 2 
&is - 

i I K CZI 
gca = 

Caoyt 2 
1+ - 

i I KC, 

(8) 

where gca is the maximal ER membrane conductance per unit area, and S is the ER surface area. The 
half-saturation constant for calcium is denoted by K,,. 

For simplicity’s sake, the calcium transporting ATPase flux Jpump into the ER lumen is described by a linear 
dependence on Cacyt , because the pump was shown experimentally to operate in vivo on the linear part of the 
Michaelis-Menten curve (cf. [20]), 

J pump = k pumpCacyt 

where kpump is the rate constant of ATPase. 

(9) 
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In addition to earlier models, a leak flux out of the ER lumen dependent on the ER membrane potential 
difference is included. It can be described by: 

J leak = K,ead ‘%a - A G > ( 10) 

Note that the parameter ~~~~~ (with dimension p,MV-’ s ‘) is assumed to be constant, while the quantity g,., 
in Eq. (6) depends on the cytosolic Ca*+ concentration. 

The electroneutrality condition [25-271 has to be valid in both mode1 compartments separately, i.e., in the 
cytosol and in the ER lumen. Let us write this condition for the cytosol: 

C,,, - Acyt + 2Ca,,, - 2 Pr = 0 (11) 

where CcY, is the cytosolic concentration of monovalent cations (such as sodium and potassium) and Acyt is the 
cytosolic concentration of monovalent anions (such as chloride). Because of a high permeability of the ER 
membrane for small ions other than Ca”, the cations and anions included in the model can be assumed to be in 
Nemst equilibrium: 

c ER 4yt FArlr 
_=_zz> - 

‘cyt AER LX’ RT l i 
( 12) 

Because any exchange of ions with the extracellular medium is neglected, the cation (anion) concentration in the 
cytosol and the cation (anion) concentration in the ER obey, in addition to Eq. (l2), the conservation relations: 

CL”, = Ccyl + PCER (13a) 

A,", = Acyt + pAER (13b) 

where C,,,, and A,,, are the total cation and anion concentrations, respectively, in the cell. Eq. (12), Eq. (13a) 
and Eq. (13b) imply 

( ‘4a) 

Using the electroneutrality condition (Eq. (11)) for the cytosol and Eq. (14a) and Eq. t 14b), A rl/ can be 
expressed in terms of the other two model variables, CucY, and Pr, 

A$= :I, 
-h- \lb*-4ac 

2a 
(‘5) 

where 

a = P(2C%,, - 2Pr-A,,,) (16) 

b = C,,, - Atot + 2( CucY, - Pr)( 1 + p’) (17) 

and 

c = p(2Cu,,, - 2 Pr + C,,,) (18) 

Eq. (IS) is a solution of a quadratic equation and has been chosen so that the argument of the logarithmic 
function is positive, under consideration that a is negative. 



226 M. Marhl et al. /Biophysical Chemisty 63 (I9971 221-239 

Electroneutrality has to be valid also for the temporal changes of concentrations (cf. Eq. (11)): 

dC,yt d&t --_+2 
dt dt 

which can be written as: 

(19) 

(20) 

Taking Eq. (l), Eq. (2), Eq. (14a) and Eq. (14b) into account the following expression for 

d(A$)/dt 

is obtained from Eq. (20): 

(21) 
This equation is the differential form of the model Eq. (15). It is not directly used in our calculations since we 
have been able to derive AC/J as an explicit function of the other system variables, that is, CucY, and Pr. 
Nevertheless, the differential form of the electroneutrality condition is much more useful in general. For 
example, Eq. (11) expressing electroneutrality may not be solved for A Cc, so easily as a function of Cu,,, and Pr 
in other situations, e.g., if it were of higher order with respect to A q!~. In this way the equation in the differential 
form would be preferable in general (see [27]). 

Our model involves three main variables (Ca2+ concentration in the cytosol Cucyt, concentration of free 
proteins Pr, and potential difference AI/J across the ER membrane). All other model variables can be easily 
expressed in terms of Cacyt, Pr, and A~!J. In fact, C,,, and Acyt can be calculated from Eq. (14a) and Eq. (14b), 
C,, and A,, from Eq. (13a) and Eq. (13b), CuPr is simply Pr,,, - Pr, and Cu,, follows from Eq. (7). Note 
that A$ is an explicit function of Cacyt and Pr (Eq. (1.5)) which means that our model system is actually 
two-dimensional. However, for purely technical reasons (see Section 3) we preserve three model equations 
which can be considered as an algebro-differential equation system consisting of two differential equations (Eq. 
(1) and Eq. (2)) an d one algebraic equation (Eq. (15)). Anyway, in the framework of dynamical systems theory 
the trajectory of the considered system is restricted to a two-dimensional manifold. 

The model parameters used in our calculations are listed in Table 1. The values for Vcyt and S are taken for a 
concrete biological system (Xenopus oocytes) studied by Jafri et al. 1201. All other values are not directly 
related to a specific cell. In view of a general mathematical model average values from different sources are 
taken where similar systems have been considered. So the value for Cu,,, is set to 45 FM, because values of 2 
p.M [ 131, 15 PM [l 11 and values up to the millimolar range [20,22] were reported. The half-saturation constant 
for calcium Kc, can be conceived of as a dissociation constant of calcium from the channel protein. We take it 
in accordance to the values used by Standen and Stanfield [34] and Jafri et al. [20]. The conductance g”cs is in 
agreement to the experimental data for single channel conductivity [30] extrapolated to low calcium concentra- 
tions and reported values of the channel density in the membrane [35]. For the rate constants k, and k_ of the 
binding to, and dissociation from the proteins, respectively, we use similar values as Jafri and coworkers 
[11,20]. Recent experimental observations suggest that these values are higher 1361. However, we believe that 
the finite velocity of diffusion of calcium ions through the cytoplasm should be taken into account. This 
diffusion causes a sort of delay which may be modelled by using smaller values of the rate constants k, and 
k_, which are then to be regarded as effective parameters. This argument can be illustrated by the reasoning that 
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Table I 
The model oarameters for the reference case ‘.b 

Parameter Value 

5.84X lom” I 
6.16~ IO-~’ cm’ 
0.01 

5x IO” FM 
3.89x 10’ FM 
45 (*M 
600 )*M 

SFM 
0.5 s- ’ 
0.1 FM-’ s-’ 
100 p,S cm-~’ 
76 sm ’ 
10.0 )LM V- ’ s-’ 

’ All results are calculated for these parameters unless otherwise stated. 
h Note that the conservation sums fulfil the electroneutrality condition for the whole cell. In Fig. 2 and Fig. 3. k ,,“, 1,,, is varied and in Fig. 4, 
Fig. 6 and Fig. 8, both kpump and gcs are varied. 

high values of the rate constants allow one to employ a rapid buffering approximation near the point sources of 
calcium (cf. [36]). If this approximation were applied to the whole cytosol. it would lead to a reduction of the 
effective dimension of the differential equation system to one, so that oscillations would be excluded. 

3. Steady states and stability 

As usual in the analysis of a dynamical system, important steps are the determination of steady states and 
their stability. The above-mentioned fact that the dynamical system under study is essentially two-dimensional 
simplifies this procedure considerably. If the two differential Eq. (1) and Eq. (2) are rewritten in the following 
form: 

dCu,., 
- =f,(Cu,,,,Pr,A~(Cacrt,Pr)) 

dt 

dPr 
dr =.f~(C~,~,.Pr,A~(ca,,,,Pr)) 

(22) 

(23) 

the steady-state condition can be expressed as: 

.f, = 0 (24a) 
.f; = 0 (24b) 

For any given set of model parameters, solving Eq. (24a), Eq. (24b) and Eq. (15) simultaneously gives the - 
steady state values Cucyf, E, and A$ of the main model variables. An analytical calculation of these values is 
not straightforward because the model variables enter the equations in a non-linear way. To achieve a 
semi-analytical treatment in solving these equations it is convenient to formally consider one actual variable to 
be known and some model parameter as a function of this variable. thus exchanging, for purely technical 
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(b) 60o 

Fig. 2. Steady-state values Gc,, (A), E (B), and h@ (C) m d 
pS cm-’ (solid curves) and 5 FS cm-* 

ependence on the parameter kpump. The conductivity gca has the values 100 
(dashed curves). For the other parameters see Table 1. The symbols B, and B, are used for turning 

points where the number of steady states changes, and the branches of the curve are denoted by b,, b,, and b,. 

- 
reasons, the roles of a variable and a parameter. In our calculations, we choose Cacyt and kpump. The following 
procedure is used: (a) some aCY, value is prescribed, (b) from Eq. (24b) the corresponding value for E is 
calculated, (c) from Eq. (15) the value for &!J is determined, and (d) from Eq. (24a) the value for kpump is 

- 
calculated. This procedure is consecutively repeated for other values of Cacyt in a given interval. This gives a 
plot of all model variables versus the parameter kpump which is represented on the abscissa. For the model 
parameters given in Table 1 these dependencies are shown in Fig. 2. 

It is seen that for low values of the conductivity gca, 
- 

in the whole range of kpump 
the steady-state solution for Cacyt, E, and r$ is unique 

(dashed lines in Fig. 2). For higher values of g”c. the solution is, depending on the 
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parameter kpump, either unique or it leads to three different steady states (solid lines in Fig. 2). In Fig. 2A-C. the 
points B, and B2 represent the points where at variation of kpump the number of steady states changes. They 
entail that the curves for high gca consist of three parts, denoted by h,. b2, and b,. For all values of kpump 
smaller than that corresponding to the point B,, as well as for all values of kpump larger than that corresponding 
to the point B, only one steady state exists. In contrast, between the points B, and B2 three steady states can be 
found. In the case when kleak = 0, i.e., when no (:a*’ leak flux from the ER into the cytosol is present, the - 
curve branch b, is identical to a straight line which is given by Cu,., = 0. According to Eq. (24b) and Eq. (IS) 
it leads to PI-= Prlo, = 600 PM and Ai,l~ = - 26.5 mV. 

For the calculated steady states a local stability analysis is performed. In the first step the Jacobian matrix is 
calculated: 

aPr 

vi 
acacy, dPr 

(25) 

/ 
All partial derivatives ~~./XU,,, and afi/aPr for i = 1,2 can be calculated directly from Eq. (24a) and Eq. 
(24b) with substitution of A@ from Eq. (15). However, we calculate them in a simpler way, as follows. 

(a) The partial derivative af,/Ka,,, can be rewritten by using the chain rule: 

(26) 

where the expressions for 3f,/Ka,y,l~J, and af,/a(A$) can be derived directly from Eq. (22) and Eq. (24a). 
The symbol IA9 means that the derivative is taken at constant A$. Note that in the derivatives entering the 
Jacobian matrix, A@ must not be kept constant because it is coupled with the other two model variables by the 
algebraic constraint (Eq. (15)). The derivative a( A ~))/dCa,,, which enters Eq. (26) may be calculated by using 
the electroneutrality condition. Let us rewrite Eq. (11) as: 1 

h = Ccyt - Acyt + 2Ca,,, - 2 Pr = 0 (27) 

The partial derivative iGt/Xa,,, can be expanded in an analogous way as af,/LiCa,,t in Eq. (26). Since 
ahpca,,, = 0, it follows that 

(28) 

(b) An expression for the partial derivative a,f,/aPr can be derived analogously to the procedure given in 
step (a). 

(c) Because ,f2 is independent of At/t the expressions for af2/tiCa,., and af2/aPr can be derived directly 
from Eq. (23) and Eq. (24b). 

The trace, fr, of the Jacobian, i.e., the sum of its diagonal elements, and the determinant, A, are of special 
interest in the stability analysis, 

3% ?f* 
tr = 

-+aPr acacyt 
(29) 

A= 
v, af7 v, af2 

-L--- 

Xa,,, aPr aPr Ka,,, (30) 
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Fig. 3. Plot of the trace (A) and the determinant of the Jacobean (B) versus the rate constant of the Calf pump. 

Analysis of these quantities, in particular of their signs, allows one to distinguish between different types of 
steady states (stable node, unstable focus, etc.). For example, we can determine these types for the steady states 
shown in Fig. 2 in dependence on the parameter kpump. To do so, we plot tr and A in dependence on kpump 
(Fig. 3). To establish a correspondence between these figures the same notation for the branches b,, b,, and b, 
is used. In this way, we are now in a position to determine the stability properties of the steady states plotted in 
Fig. 2. 

From Fig. 3 it is easy to see that the branch b, represents saddle points since A < 0. For the whole branches 
b, and b, the relation A > 0 holds true. Of special interest is a part of branch b, where tr > 0. There steady 
states are unstable, whereas all other steady states on branch b, and all steady states on b, are stable. A steady 
state is an unstable focus if A > 0, tr > 0, and tr* < 44 (cf. [12,37]). In parameter ranges where these 
conditions are fulfilled, self-sustained oscillations are likely to occur. Such a range can be detected in Fig. 3. It 
is located on the branch b, in the neighbourhood of the point B,. To show that in this parameter range 
self-sustained oscillations in the sense of limit cycles occur, numerical integration of the model equations is 
required, as will be presented in the following section. 

To get more information about the system a stability analysis in the space of two model parameters is 
helpful. We use a plot of two curves determined by tr = 0 or A = 0 in the plane spanned by kpump and gca (Fig. 
4). Note that this plot can be conceived of as a projection of curves where tr = 0 or A = 0 on the surface 
determined by the stationary calcium concentration as a function of kpump and g”,-,. The projection is made onto 
the plane spanned by these two parameters. The above-mentioned surface is folded because in the central 
region, three stationary states exist. This can be seen from Fig. 2, which is a cross-section of this surface for the 
fixed value of gca = 100 &S cm-’ (solid lines). The curve A = 0 corresponds to the turning points of this fold, 
which means that it separates regions with different numbers of steady states within the parameter space. 
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kpun&‘] 
Fig. 4. The curves tr = 0 and 3 = 0 in the parameter space of kpump and a,,,. The numbers I and 3 correspond to the numbers of steady 
states in the regions determined by the curve A = 0. For the branch a, of the curve tr = 0 the relation A > 0 holda true which meanh that it 
is the line of Hopf bifurcations. The curve branch a? (dashed curve) corresponds to A < 0. 

The curve tr = 0 corresponds to a Hopf bifurcation (cf. [ 15,371). that is. a transition from an unstable focus to 
a stable focus or vice versa, provided that in addition, A > 0 (branch u, in Fig. 4). Hopf bifurcations are 
supercritical or subcritical according to whether the amplitude of the limit cycle grows beginning with zero or 
with a finite value. Both types of bifurcation have been found in our model. Note that different types of 
bifurcations, as well as other specific behaviours of the mode1 system, can be obtained by different sets of 
model parameters. From Fig. 4, it is seen that below a certain limit for gcn no Hopf bifurcation can occur. For 
very low gc. values, the model system has only one steady state in the whole region of kpulnp values which 
leads to the dashed line in Fig. 2 (for gca = 5 pS cm-’ ). The stability analysis gives us still more information 
about the system. Using another set of parameters, the curve tr = 0 in the parameter space of k,,“,,,,, and jjca can 
be situated, for example, partially outside the region where the system has three steady states (see below). 

4. Numerical simulation of oscillations and model predictions 

The local stability analysis gives us ranges for model parameters for which oscillations can be expected. To 
simulate the oscillations the model equations should be integrated. The results of numerical integration for the 
reference case are shown in Fig. 5. Our mode1 reproduces a typical form of cytosolic calcium oscillations, i.e., 
the form of calcium spikes which have frequently been observed experimentally [l-4]. The potential difference 
A$ across the ER membrane oscillates in phase with the calcium spikes. When the cytosolic calcium is 
increased, i.e., when calcium is released from the ER lumen into the cytosol, the ER membrane is depolarized 
and when the calcium is pumped back into the ER the membrane is repolarized. That is in agreement with the 
understanding of processes on the ER membrane [22]. Note that the shape of A$ oscillations is very different 
from the form of Cu,.,, oscillations. It is much more similar to the oscillations of the free protein concentration 
in the cytosol. That shows that the time course of the potential difference is not directly related to the free Ca’ + 
concentration in the cytosol but rather to the total Ca2+ concentration in the cytosol, including that bound to 
proteins. The role of proteins is also shown by the different form of CLI,~, oscillations and Ca,, oscillations 
(compare Fig. SA and D). We have not plotted the oscillations of the highly permeable monovalent ions because 
they are related with the A 4 oscillations via the Nernst equation (Eq. (I 2)) in a straightforward way. 

One purpose of a mathematical mode1 is to predict different effects when some model parameters are 
changed. In the case of oscillations, it is difficult to study independent effects of some model parameters. If one 
model parameter is changed the property of the steady-state solution to be an unstable focus often gets lost. 
Thus. a simultaneous change of other model parameters is required to preserve the self-sustained oscillations. In 
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Fig. 5. Oscillations of the cytosolic calcium (A), the potential difference on the ER membrane (B), free proteins in the cytosol (C), and 
calcium in the ER (D) for the reference case (see Table 1 for model parameters). 

Fig. 6, one can see that if the volume ratio p is increased by a factor of 10, the oscillations are not possible for 
the same parameters as in the reference case, in particular for gca = 100 &S cm-* (compare Fig. 4 and Fig. 6). 

The volume ratio, p, is an important model parameter. Different cells have different volume ratios between 
the ER and the total cell volume. To our knowledge, this ratio is ranged between about 6% [20] and 15% [38]. 
Accordingly, if not only parts but the whole ER lumen are considered to have a function of calcium storage the 

Fig. 6. The curves fr = 0 and A = 0 in the parameter space of kpump and gca for p = 0.1 (for the other parameters see Table 1). For the 
branch a, of the curve tr = 0 the relation A > 0 holds true, so that it corresponds to Hopf bifurcations. The curve branch a2 (dashed curve) 
corresponds to A < 0. 
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Fig. 7. Oscillations of the cytosolic calcium (A) and the potential difference across the ER membrane (B) for ,I = 0. I. Parameter value\ 
differing from those listed in Table 1: EC3 = 157 pS cm-‘, kl,ump = 80.8 s- ’ 

model parameter p can be set to the value of about 10% (see Fig. 6 and Fig. 7). But because it is known that the 
ER is subdivided into rough and smooth portions (RER and SER, respectively) and that only the SER with its 
irregular network of smooth-surfaced tubules has a calcium regulation function [38] it seems to be more realistic 
to take a smaller value for p. An exact value is difficult to set because the ratio of RER/SER varies 
considerably among cells depending on the level of protein synthesis and other activities. Another reason to 
work with smaller values for p is that in addition to the SER and RER there are at least 4 other morphologically 
distinct domains of the ER including the nuclear envelope, transitional elements, crystalloid ER, and luminal ER 
bodies containing protein aggregates [38]. Therefore, p is set to 1% in the reference case of our model. The 
effects of changing the volume ratio are important for predicting the ER membrane potential variations during 
oscillations. From comparison of Fig. 5 and Fig. 7 it is evident that with the calcium spiking being about the 
same the potential oscillations are different. If the volume ratio is increased by a factor of IO the amplitudes of 
the potential are smaller by approximately the same factor. 

Note that the amplitudes of the potential are also strongly affected by counterion transport across the ER 
membrane. If in the model the total cation and anion concentrations are increased by a given factor it has an 
analogous effect as if the volume ratio were increased by the same factor (not shown here). This is fully in 
agreement with the experimental observations of Beeler et al. [21] showing that high ion fluxes through anion 
and cation channels in the ER membrane are sufficiently fast to neutralize potential changes which may take 
place during Ca2+ uptake or release. 

In a given biological system, cytosolic calcium oscillations with different frequencies can occur [I ,5]. The 
frequency depends on the intensity of calcium entry into the cytosol either from intracellular sources, usually 
through calcium release mediated by a second messenger, such as IP,, or from extracellular sources through 
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Fig. 8. The curves tr = 0 and A = 0 in the parameter space of kpump and gca for k_ = 0.005 s-’ and k, = 0.001 JLM- ’ s- ’ (for the other 
parameters see Table 1). For the whole curve tr = 0 the relation A > 0 holds true which means that it is the line of Hopf bifurcations. Points 
P, and Ps represent a supercritical Hopf bifurcation and a subcritical Hopf bifurcation, respectively, for gca = 18 p.8 cm-‘. Inset: 
Amplification of part of the plot. 

plasma membrane calcium channels. In our model, proteins in the cytosol can be seen as a second pool for 
calcium release and storage. Indeed, a change in protein affinity strongly affects the frequency of calcium 
oscillations (see below). 

Fig. 9. Oscillations of the cytosolic calcium (A) and ER membrane potential (B) for k_ = 0.005 s-’ , k, = 0.001 pM_ ’ S- ‘, gc. = 18 pS 
cm-‘, and kpump = 11.5 SC’, 
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Fig. IO. Oscillations of the cytosolic calcium (A) and ER membrane potential (B) for k_ = 0.005 s- ’ !, _ = 0.001 FM ’ 3 ‘. PC,,, = 18 FLS 
cm-‘. and kp,,mp = 17.33 SC’. 

As noted above it is not easy to study independent effects caused by the change of some model parameters. If 
in the model the rate constants of the binding and dissociation (k_ and kk, respectively) are decreased, for 
example. by a factor of 100 with respect to the reference case, at the same time also the maximal channel 
conductivity gca and the pump activity kpump have to be changed to preserve the self-sustained oscillations (see 
Fig. 8). 

In the amplified part of Fig. 8, it can be seen that the curve 4 = 0 is in a particular range of the parameter 
space positioned inside the region tr > 0. Let us take gca = 18 p.8 cm-?. The corresponding points on the curve 
tr = 0 are denoted by P, and P2. In both cases A > 0, which means that the points P, and P, correspond to 
Hopf bifurcations. For parameters taken in the neighbourhood of P, and Pz, where tr > 0. self-sustained 
oscillations are expected. Note that the neighbourhoods of the points P, and P2 correspond to states with high 
and low steady-state Ca’+ concentrations, respectively, in the cytosol. This means that in the first case the 
oscillations occur around a steady state where most of the Ca- ‘+ is contained in the cytosol bound to the proteins 
and in the second case the oscillations occur around a steady state where most of the Ca” is contained in the 
ER. 

It has been found that the point P, represents a supercritical Hopf bifurcation and the point P2 represents a 
subcritical Hopf bifurcation. This means that at the point P, the amplitude of the limit cycle grows beginning 
with zero and so in the neighbourhood of this point such a parameter kpump can be found that the amplitude of 
cytosolic calcium oscillations is adjusted to that resulting for the reference values (see Fig. 9A and B for the 
corresponding ER membrane potential oscillations). In contrast, at the point P2 the amplitudes of oscillations 
begin with a finite value and are, hence, rather insensitive against parameter variations in the neighbourhood of 
this point. The amplitudes are much larger than in the first case (see Fig. IOA and B). However, in both cases 
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the frequency of oscillations is considerably lowered with respect to the reference case as the constants k, and 
k_ are decreased. 

5. Discussion 

In the present paper, we have established an extended electrochemical model accounting for oscillations of 
intracellular calcium and the electric potential difference across the membrane of the endoplasmic reticulum. 
The model should be modifiable so that it can be applied to other intracellular calcium stores. It involves three 
types of calcium flux across the ER membrane: (a) the ATP-dependent uptake into the ER, (b) the release 
following a CICR mechanism, and (c) a potential-dependent, non-autocatalytic leak. This leak may flow across 
the lipid phase of the membrane as well as through calcium channels. We have included it because otherwise, 
the widely used rate equation for the CICR mechanism would imply that a trivial steady state occurs where the 
cytosolic calcium concentration is zero. Including a non-autocatalytic leak shifts this steady state to one with a 
very small, but non-zero concentration, which appears to be more realistic. 

In the models of Jafri and coworkers [ 11,201, the capacitance equation was used to establish a differential 
equation for the transmembrane potential, which is of the form ‘C,S[d(A$)/dt] = charge balance of ion 
fluxes’, where C, is the membrane capacitance per unit area. It is an experimentally observed fact that this 
quantity is very low in the sense that the term on the left-hand side of the above equation is small compared to 
the particular terms of the charge balance. Accordingly, a plausible simplification is achieved by considering the 
limit C, = 0. This is a special case of the quasi-steady-state assumption (cf. [ 121). In this limit, the differential 
equation in question leads to the electroneutrality condition for ion fluxes, which can be rewritten as a similar 
condition for ion concentrations. According to the capacitance equation, this means that a very small net electric 
charge difference across the membrane is accompanied by an electric potential difference counteracting any 
further separation of charges. The electroneutrality condition is an algebraic equation linking the transmembrane 
potential, A I++, to the concentrations of free calcium and proteins. The time course of these variables is governed 
by differential equations, from which the time course of AI) can then be calculated. Doing so has the advantage 
that knowledge of the membrane capacitance is no longer necessary. Furthermore, the concomitant reduction in 
the dimension of the differential equation system simplifies the analytical treatment considerably (for example, 
in the stability analysis). 

Elaborating on a proposal by Jafri and Gillo [ 111, we have included the effect of counterions. We have not 
only included positively charged counterions, but also anions since they contribute to the charge balance to 
about the same extent. In order to keep the dimension of the differential equation system small, we have 
renounced to include additional differential equations for the counterions and have applied, instead, the Nemst 
equation for these ions. This is a sort of rapid-equilibrium approximation, which is justified in this case because 
the membrane permeability for sodium, potassium, chloride and similar monovalent ions is much higher than 
that for calcium [21,22]. One of the advantages of this approach is that knowledge of the permeability for the 
counterions is not necessary. Whereas the model of Jafri and Gillo [ 1 l] gives rise to a permanent slow decrease 
in the cytosolic counterion concentration, which implies that the calcium oscillations are damped, our model 
yields undamped oscillations for appropriate parameter values. 

The binding of calcium to proteins has turned out to be of essential importance in the generation of calcium 
oscillations. Since free calcium has a very low intracellular concentration, it does not contribute very much to 
the electroneutrality balance and would not, without this calcium buffering system, make possible remarkable 
changes in transmembrane potential. Interestingly, the finite velocity of the calcium binding to, and dissociation 
from, proteins is essential for the occurrence of oscillations. If this binding is assumed to be in rapid 
equilibrium, the effective dimension of the differential equation system reduces to one, so that oscillations are 
excluded. The low values for the rate constants of binding and dissociation used in our model are to be regarded 
as effective parameters also reflecting the diffusion of calcium through the cytosol. 
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In accordance with some earlier models [7,14,19], we considered the calcium concentration in the calcium 
stores to be variable. Since we neglected any flux through the plasmalemmal membrane, this concentration is 
linked with the cytosolic calcium concentration by a conservation relation and is not, hence, an mdependent 
variable. In some other models [ 11,201, this quantity was considered to be constant. That assumption is 
contestable because the volume of the calcium stores is usually much smaller than that of the cytosol. On the 
other hand, a buffering effect results from the fact that part of the stored calcium is bound to proteins. It is 
worthwhile including this binding in future extensions of the model. Another aspect worth being considered in 
the future is the role of the calcium-proton exchanger operative in the ER membrane of many cells [22] and the 
binding of protons to proteins. 

The system is characterized by multistationarity in that three steady states are obtained for appropriate 
parameter values. We have carried out a local stability analysis of these states. Depending on the parameter 
values, one or two of these states turn out to be stable. Moreover, the stability analysis has been very helpful for 
finding parameter values for which limit-cycle oscillations can be expected. We have analysed the transitions 
between different types of dynamic behaviour upon changes of parameter values, leaving a more detailed 
bifurcation analysis to a sequel paper. 

The oscillations obtained on the basis of our model have the typical spike-like shape found in experiments. 
The oscillation period of some seconds to some minutes and the amplitude of the calcium oscillations of about 
1.5 FM are in good agreement with experimental values [1,5]. Oscillations of the ER potential have been 
investigated experimentally to lesser an extent. In these investigations (e.g., [21]), high amplitudes of the 
transmembrane potential were observed only when the concentrations or permeabilities of counterions were very 
low. In the in vivo situation characterized by high concentrations and permeabilities, amplitudes are below 10 
mV, which is in qualitative agreement with our results. If the anion and cation concentrations are decreased by 
some factor, our model yields amplitudes larger by about the same factor. A similar effect results when the 
volume ratio is decreased. 

The model describes both the switch between stationary and pulsatile regimes, which serves as a digital 
signal, and changes in oscillation frequency, which serve as analogue signals [4]. The onset or termination of 
oscillations can be induced by changing a parameter, for example the rate constant of the ATPase, kpump. 
Calcium oscillations can indeed be triggered or terminated by addition of thapsigargin, which is a specific 
inhibitor of the ER Cal+-ATPase [39]. Both effects can be simulated by our model when kpum,, is gradually 
decreased beginning with a high value, so that two consecutive Hopf bifurcations occur (see the points P, and 
P? in Fig. 8). For the in vivo situation, these transitions are in most cases induced by a change in ihe maximal 
channel conductance. kc-, due to an increase in IP, concentration, for example. In the diagrams shown in Fig. 4, 
Fig. 6 and Fig. 8. such a change would correspond to a vertical crossing of the curve u, defined by tr = 0. For 
technical reasons, we have preferred changing the parameter k,,“,,,,,, thus crossing that curve horizontally, which 
gives the same qualitative effect, namely a Hopf bifurcation. 

Calcium oscillations as well as other biological oscillations are often referred to as frequency encoded, 
because their frequencies usually change more significantly than their amplitudes, e.g., upon hormone 
stimulation (cf. [7]). In our model, the amplitude of the calcium oscillation is fairly constant upona change of 
the binding to proteins (cf. Fig. 5A and 9A) or of the volume ratio (cf. Fig. 5A and Fig. 7A. note that the 
frequency changes by the factor 10 in this case). In contrast, the change in the amplitude of the potential 
oscillations is more pronounced, in particular upon a change in the binding properties. Importantly, the 
occurrence of supercritical Hopf bifurcations implies that the amplitude does change considerably near the 
boundary of the parameter region of oscillatory regimes. So the insensitivity of amplitudes is certainly no dogma 
(cf. [ 1 II). 

In the oscillations obtained by numerical integration of our model equations, peaks of maximal cytosolic 
calcium concentration correspond to depolarized transmembrane potential values (low absolute values), as 
should be expected. In contrast, the simulations presented by Jafri and coworkers [ 11,201 exhibit ‘the puzzling 
phenomenon that calcium spikes correspond to high transmembrane potential values. This is probably due to a 
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flaw in the cited papers concerning the sign of the potential difference, which should be negative when defined 
according to Eq. (4). Positive values can be obtained by changing the ratio of the rate constant of Ca2+-ATPase, 
k pump, and the calcium conductivity. Although Jafri et al. [20] estimate kpump to be about 2.50 s-‘, they use a 
value of 20.2 s- ’ Interestingly, the steady-state value of the potential difference is negative when calculated 
with the former value and positive with the latter value of kpump. 

The model can easily be extended by inclusion of magnesium. This cation would enter the quasi-electroneu- 
trality condition in a similar way as the monovalent counterions with obvious modifications because Mg’+ is 
bivalent. Consideration of Mg2+ would also allow us to take into account the competition between Ca2+ and 
Mg2+ for the Ca ‘+ channel. 

Several authors suppose that a permanent calcium entry into the cytosol from outside is necessary for 
oscillations to arise [7,11,14,19,20]. In our model, we have included neither such an influx nor a calcium flux 
out of the cell. The results show that oscillations can arise all the same. We think that this is not in contradiction 
of the above-mentioned view, because the role of these fluxes is played, in our model, by the fluxes of the 
binding and dissociation of calcium to and from proteins. 
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